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The Jacobi elliptic function solutions of coupled nonlinear partial differential equations, including
the coupled modified KdV (mKdV) equations, long-short-wave interaction system and the Davey-
Stewartson (DS) equations, are obtained by using the mixed dn-sn method. The solutions obtained in
this paper include the single and the combined Jacobi elliptic function solutions. In the limiting case,
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1. Introduction

Nonlinear evolution equations (NLEES) are spe-
cial classes of nonlinear partial differential equations
(NLPDEs) which have been studied intensively in re-
cent decades. Searching for exact solutions of NLPDEs
in mathematical physics attracts considerable inter-
est. Several important direct methods have been de-
veloped for obtaining travelling wave solutions to
NLEEs such as the inverse scattering method [1], the
tanh-function method [2], the extended tanh-function
method [3] and the homogeneous balance method [4].
A symbolic software package to find exact solutions
of NLPDEs has been described [5-6]. Also, var-
ious methods were presented to seek the periodic
wave solutions, expressed by Jacobi elliptic func-
tions (JEFs), of some NLEEs such as the JEF expan-
sion method [7], the improved Jacobian elliptic func-
tion method [8], the sinh-Gordon equation expansion
method [9], the extended Jacobian elliptic function ex-
pansion method [10], the mapping method [11,12],
the F-expansion method [13] and other methods [14].
Fan and Zhang [15] have extended the JEF method
and have obtained doubly periodic wave solutions of
special-type NLEEs. Recently, the sinh-Gordon equa-
tion expansion method has been extended to seek JEF
solutions of the (2 + 1)-dimensional long-wave-short-
wave resonance interaction equation [16]. Various ex-
act solutions were obtained by these methods, includ-

ing the solitary wave solutions, shock wave solutions
and periodic wave solutions.

Very recently, we have proposed the mixed dn-sn
method [17] to obtain various exact solutions in terms
of JEFs to some nonlinear wave equations. The basic
idea of the method is as follows: For a given NLPDE,
say in two independent variables,

F (u, U, Uy, Utt, Uy, ... ) = 0. 1.1)

Let u(x,t) = u(&); & = x— wt, where o is the wave
speed, (1.1) may be reduced to an ordinary differential
equation (ODE)

Guu,u",..)=0, U=-— (1.2)

We search for the solution of (1.2) in the form
N ) N—1 )
uxt)=u&)=> AW +va2—-W2 Y bw', (1.3)
i=0 i=0

where N is a positive integer, which can be determined
by balancing the highest order linear term with the non-
linear term(s) in (1.2), and a, A;, bj are constants to be
determined. If the balancing number N is not a positive
integer, we can introduce a transformation u = vN and
turn equation (1.1) into another equation for v, whose
balancing number will be a positive integer. If G is not
a polynomial of u and its various derivatives, then we
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may introduce an appropriate transformation to turn
the equation into the differential polynomial type.

We introduce W =W (&) which satisfies the elliptic
equation

W=\ /(@ -W)W2—a(1-m).  (L4)
The solutions of (1.4) are given by
W = adn(a(x— wt)|m), (L5)

W =av1—mnd(a(x— wt)|m),

where dn(a&|m) and nd(a&|m) = 1/dn(a&|m) are the
JEFs with modulus m (0 < m< 1).

Substituting (1.3) into (1.2) yields the algebraic
equation

P(W) + /a2 —W2Q(W) =0,

where P(W) and Q(W) are polynomials in W. Setting
the coefficients of the various powers of W in P and
Q to zero will yield a system of algebraic equations in
the unknowns A;, b;, a, @ and m. Solving this system,
we can determine these unknowns. Therefore, we can
obtain several classes of exact solutions involving the
JEFs sn, dn and nd, cd functions, where cd(a&|m) =
cn(a&|m)/dn(a&|m), cn is the Jacobi cnoidal function.
Ifbj=0,i=0,1,2,...,N—1, then (1.3) constitutes
the dn (or nd) expansions.

The JEFs sn(a&|m), cn(aé|m) and dn(a&|m) are
double periodic and have the following properties:

sn?(a&|m) +cn?(a&|m) =1,
dn?(a&|m) +msn?(a&|m) = 1.

In the limit m — 1, the JEFs degenerate to the hyper-
bolic functions, i.e.,

sn(a&|1l) — tanh(af),
cn(at|l) — sech(aé),
dn(a&|1) — sech(af).

Detailed explanations about JEFs can be found in [18].

In this paper, the mixed dn-sn method will be used
to construct the exact solutions, in terms of JEFs, for
three coupled nonlinear evolution equations in (1 + 1)-
dimensional and (2 + 1)-dimensional space. The rest of
the paper is organized as follows: In Section 2, we
obtain abundant JEF solutions to the coupled modi-
fied KdV (mKdV) equations, the long-short-wave in-
teraction system and the Davey-Stewartson (DS) equa-
tions. To show the properties of the obtained solutions,

we draw plots for some elliptic function solutions (see
Figs. 1, 2). Finally, we conclude the paper in Section 3.

2. Applicationsto Coupled Systems
2.1. The Coupled mKdV Equations
Consider the coupled mKdV equations [8]

U + 0Vy + BUPUy + Sy = O,

(2.1)
Vi + r(Uv)x + swy = 0,

where a, B, 6, r, and s are constants. Here the mixed
dn-sn method will give some new exact solutions to the
coupled mKdV equations (2.1). In order to find travel-
ling wave solutions of (2.1), we let

u(x7t):U(§)’ V(X’t):\/(é)a

Then, (2.1) becomes

E=x—ot. (2.2)

—oU'+aV'+pUU' +6U" =0,

2.3
—oV' +r(UV) +svV' =0. @3)

Balancing U"” with U?U’ and VV’ with (UV)’ leads to
the following ansatz, respectively:

U(E) = Ao+ AW + by /a2 — W2,

V(&) = By + ByW + by Va2 — W2, o

Substituting (2.4) into (2.3) yields the following sys-
tem of algebraic equations:

BA? —3Bb5—65)]AL =0, Ag[A] —bf] =0,

— o+ BA3+ Bbga + 5(2 — m)aZ]A; 4+ aBy =0,
3BA2 — Bb3 —68)]bg =0, byAgAL =0,
w—PBAS—Bbia’+2BA2a?—§(5—m)a’]by — aby =0,
2r (A1By — bgby) + s(BZ — b?) =0,

— By +r(AgB; -+ A1Bg) +SBgB; =0,

r(byA; + boBy) + sbyBy =0,

@by —r(byAg + boBg) — shyBg = 0.

[
[
[
[

Solving these equations, we get the following solutions
that include three different cases:
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Casel: by =0, Case2: A; =0,
by =Ay=0, A =+65/B, Bi=Ay=0, by=+/-635/8,
- 28a%s(2 —m) — dar B 28a%s(1+m) + daor
- 2 ’ 0 — — ) y
2r 2.5 (2.6)
B = 2 /63/B. R e ]
ZOCI’ _ 5a23(2 —m) o—_ 2or + 56123(1—|- m)
w=— . S ’
s
Case3: Ag =0,

2 —
= +1/35/2B, bo=+\/-35/2B, Bo= _da 5(2m321)+4ar7

o o _ Aar +8a’s(2m—1)
Bi=+,V63/B, bi=7Fv-65/B, o=- o 7

2.7)

with a being an arbitrary constant.
Substituting (2.5)—(2.7) into (2.4) and using the special solutions (1.5) of equation (1.4), we obtain the fol-
lowing JEF solutions of (2.1):

xt) = +a,/65/Bdn (a (x+ 2or Sa:s(z — m)t> ‘m) :

(2.8)
Xt = 28a%s(2 ;Zm) —dar 2ra 65/dn ( ( ar — 5a:s(2—m)t> ‘m) . Bso,
U (x.t) = +a/65(1—m)/Bnd (a (x+ 201 5a323(2 - m)t) )m) ,
(2.9)
Vo(x.t) = 25a2s(2;2m)—4ar 3F2;a 65(1—m) Bnd( ( N — 8as(2 - m) ) m) . Bs>0,
uz(x,t) = +a,/—6md/Bsn (a <x+ 2or + 5a2 (1+m) t) )
(2.10)
Va(x.1) = _26a23(14s—2m)+4ar :':2;1 —6m6/[35n< <x+ 20 + §als( 1+m)t) )m), 55 <0
us(x,t) = +a/—6mé/Bcd (a( 2ar+6a2 (1+m) t) m),
(2.11)
Va(x.t) = _26a28(14s-2m)+4ar :':2;1 —6m6/ﬂcd< <x+ 2ar + das( 1+m)t> |m) . B5<0
and the combined JEF solutions
us(x,t) = +ay/38/(2p) [dn(a& |m) + iy/msn(a& |m)],
_ (2.12)
Vs(X,1) = _6a23(2m32 1) +dar E‘ 66/B [dn(a& |m) +iv/msn(a&|m)],
Ug(xt) = £ay/38/(2B) [v1—mnd(a&|m) +iy/med(a& m)],
V6(X7t) _ _5a23(2m;1)+4ar :F% 65/ﬁ[ fl—nnd(aé|m)+| md(a€|m)] (213)

. sa? —
with & = x+ 4492 52M )y ang g5 > 0,
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The solutions (2.8) and (2.10) are the same as the
results obtained in [8] by means of the improved Ja-
cobian elliptic function method. With m — 1 in (2.8)
and (2.10), the solitary wave solutions to (2.1) given
in [8] are also recovered. Compared with the results
in [8], here we further find some new solutions (2.9),
(2.11)-(2.13). Asm— 1, the solutions (2.12) degen-
erate to

Us(x,t) = +a % [sech(a&) +itanh(ag)],

das+4ar
s

+ g\/%g[sech(aé) +itanh(a&)],

To show the properties of the JEF solutions, we draw
plots for the solutions uy, v; and us, v3 (see Fig. 1).

Vs(X,t) = — (2.14)

2.2. The Long-short-wave Interaction System

Consider the long-short-wave interaction system
[19, 20]

iVt Wo— YV=0, Vi+V+(Jy?)x=0, (2.15)

A0
‘ ‘ ‘ . "‘-l't"-'}
L R A AA
SR

e

i

Fig. 1. The solutions u; (a)
and v; (b) in (2.8) with pa-
rameters o = =6 =1 =
o0 s=a=1m=0.95and the
solutions uz (c) and vz (d)
in (210) withao =B =r =
s=a=10=-1,m=0.9.

where y(x,t) is a complex function and v(x,t) is a real
function. Wang et al. [20] have used the F-expansion
method and obtained periodic wave solutions for the
system (2.15). In this paper, we try to deal with the sys-
tem (2.15) by the mixed dn-sn method and give some
new exact solutions. Let

v(x,t) =eTu(x,t), n = ax+ ft,
v(x,t) =V (E), uxt) =U (&), & =x— wt, (2.16)

where o and B are constants and u(x,t) is a real func-
tion. Substituting (2.16) into (2.15), we find w0 = 2o
and U, V satisfy the following coupled ODEs:

U” —UV — (a®+B)U =0,

2.17
(1-2a)V'+2UU’ =0. @17

The mixed dn-sn method gives
U(E) = Ao+ AW +bpv/a2 —W2, 218)

V(&) =By +BiW + (by +boW) /a2 — W2,

Substituting (2.18) into (2.17) yields
(2 + Bz)Al —bglby, =0, AgBy +A1B; —bghy =0,
[@%(2 —m) —Bo — (0® + B)]A1 — AgBy — bgbpa® = 0,
(Bo+ o®+ B)A+ b0b1a2 =0,
bo(z + Bz) + A, =0, Agby +Aib; +byBy =0,
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bo[a?(1—m) —By— (>4 B)] —Aoby =0, (1—20)By+ A2 —b3 =0,
(1-20)B1+2A)A1 =0, (1—2a)by+2bpA1 =0, (1—20a)by+2Aby=0,

from which, with aid of Maple, we find three kinds of solutions, namely,
Ag=by=by=By=by=0, A =+2(1-2a), Bp=a’2—m)—(a?+B), By=-2, (2.19)

Ao=A =b =by=B; =0, by=42Q2a—1), By=a(l—m)—(a?+p), By=-2, (2.20)

with a, o and B being arbitrary constants and

Po=br =By =0, A= /72 by =y [ 20T By = (1 m)— (4 ), Bo= L, by = i, (221)

Substituting (2.19)—(2.21) into (2.18) and using the special solutions of (1.4), we obtain the following exact
solutions expressed by JEFs of (2.15):

v1(xt) = +ay/2(1 - 2c)edn(a(x— 2at)|m), o< %,

(2.22)
vi(x,t) =a?(2—m) — (a®+ B) — 2a%dn?(a(x — 2ait)|m),
va(xt) = £ay/2(1—m)(1—20)e"nd(a(x— 2at)|m), o< % 2.23)
Va(x,t) = a?(2—m) — (a4 B) — 2a2(1 — m)nd?(a(x — 2ait)|m),
w3(xt) = +a,/2m(20.— 1)eMsn(a(x— 2ot)|m), o > % (2.24)
v3(x,t) = a?(1—m) — (a? 4 B) — 2a%dn?(a(x— 2at)|m),
wa(x,t) = +ay/2m(2a — 1)ecd(a(x— 2at)|m), o > % (2.25)

va(x,t) = a?(1—m) — (a4 B) — 2a%(1 — m)nd?(a(x — 2at)|m),

and the combined JEF solutions

W (X, 1) = iaw% [dn(a&|m) +ivmsn(agm)] e, o< % (2.26)
vs(X,t) = a’(1—m) — (o + B) — & [dn?(a&|m) £ iv/msn(a& |m)dn(a& |m)],

1—22“[md(a§\m)+i med(ag|m)e', a<% (2.27)

Vo =a%(1—m) — (o + B) —a?[(1 — mnd?(a&|m) £ i/m(1 — mcd(a& |m)nd(aé|m)],

Y = +a

with & =x—2at.
With m— 1in (2.22) and (2.24), the solitary wave solutions to (2.15) given in [20] are recovered. If m— 1,
then (2.26) becomes

vs(x,t) = +a Lo 2o

sech(ag) + itanh(ag)|e, o< . @26)

Vs(x,t) = — (o + B) — & [ sech?(a&) £ itanh(a& ) sech(ag)].
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Real part

)
10 10
Fig. 2. The JEF solution (2.22) with parameters § =a =1, oo = 0.25, m= 0.95; (a): the real part of ys; (b): the imaginary
part of y1; (c): the modulus of ya; (d): the JEF solution vy.

The solutions (2.22) — (2.25) are the same as the re-
sults obtained in [20] by means of the F-expansion
method. Compared with the solutions given in [20],
here we further find some new solutions (2.26), (2.27),
and (2.28).

To show the properties of the JEF solutions
of (2.15), we draw plots for the solution y1 and v1 (see
Fig. 2).

2.3. The DSEquations
The DS equations [21, 22] read

iU -+ Oty + Uyy + B|U[?u— 2uv =0,

Vs — vy — B ([ = 0, (229

where oo = +1 and f3 is a constant. Equations (2.29)
with ¢ =1 and o = —1 are called the DSI and DSlI|I

Imaginary 05
part

1

o 10

equations, respectively. These equations were intro-
duced in order to discuss the instability of uni-
form trains of weakly nonlinear water waves in two-
dimensional space. The exact periodic wave solutions
of the DS equations have been studied in [15, 22, 23].
To seek travelling wave solutions, one introduces the
following transformations:

u(x7y,t) =e'fy (5)7 V(X7y7t) :V(é),

(2.30)
0 =px+qy+rt, &=x+ly—ot,

where p, g, r and | are real constants. Substitut-
ing (2.30) into (2.29), we find that ® = 2(ap+1q) and
U, V satisfy the following coupled system of ODEs:

—(apP+ P +1)U + (o +12)U" + U3 — 20V =0,

(a—12)V" —af(U?)" =0. (2.31)

By means of the mixed dn-sn method and using the same procedure as above, we obtain the following exact

solutions of the DS equations:

up = +a,/2(12 — a)/Be%dn(ag|m), B(%—a)>0,

1

vi = Z[@?(2—m)(o+12) — (ap? + G +1)] — 2

2

(2.32)

a’dn’ (a& |m),
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U = %ay/2(1 — m)(12— o)/ e“nd(ag|m), (12— a) >0,

Vo= 22— m)(a+17) — (o + @ +1)] — 201~ melnc? (& m)

2
us = +ay/2m(a —12)/Be%sn(aé|m), B(o—1%) >0,

V3 = %[az(l—m)(oH—lz) +28%(a—1%) — (ap® + o +1)] — 20@dn® (a& | m),

us = +ay/2m(o —12)/Be®cd(aé|m), B(o—12) >0,

Vi = %[az(l—m)(a+|2) 128200 12) — (ap? + @ +1)] — 2a(1 — m)aPnd?(ag|m),
Us = +a Iz_aeie[dn(a§|m)+i msn(a&|m)], B(1*-a)>0,

2B
Vs = L — ara? [dn?(a&|m) £ iy/mdn(a& |[m)sn(a& |m)],

Izz_ﬁaeie[\/l—rmd(aﬂm)ﬂ med(a&|m)], B(2—a)>0,

Ve = L — aa®[(1— m)nd?(a&|m) £ iv/m(1 — m)nd(a& |m)cd(a& |m)],

Us = *ta

243

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

with L = 1[a2(1—m)(a+12) + £ (a —12) — (ap? + 2 +1)], £ = x+Iy—2(ap+Iq)tand a, p, g, r, and | being
arbitrary constants. If m— 1, then (2.32) and (2.34) become the solitary wave solutions of the DS equations

ur(x,y,t) = £a,/2(12 — o) /Be'sech(a&), B(I%>—a) >0,

1
Vi(xyt) =5 [@% (0 +12) — (ap? + QP +T1)] — 2c@sech?(aé),

uz(X,y,t) = +ay/2(a—12)/Beftanh(ag), B(a—1%) >0,

1
V(X yt) =5 [28%(0r — 1) — (ap? + @ +T1)] — 2cca’sech?(aé),

and the solutions (2.36) degenerate to new exact solutions

Us(X,y,t) = £a | Izz;ﬂaeie[sech(aé) +itanh(aé)], B(%—a)>0,

2
Vs(X,y,t) = % [%(a —12) = (ap®+ ¢ +r)] — aa®[sech?aé +isechattanhag |.

(2.38)

(2.39)
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The solutions (2.32) and (2.34) coincide with the so-
lutions given in [22] by means of the mapping method.
Compared with the results in [22], here we further find
some new solutions (2.33), (2.35)—(2.37) and (2.39).
The plots for the solutions of DS equations are not
given here since they are similar to those in Figure 2.

3. Conclusion

We have extended the mixed dn-sn method to seek
exact solutions of coupled nonlinear evolution equa-
tions of mathematical physics. The JEF solutions to
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